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Abstract 

The Clifford torus is a torus in a three-dimensional sphere. Homo- 
geneous tori are simple generalization of the Clifford torus which still in 
a three-dimensional sphere. There is a way to construct tori in a three- 
dimensional sphere using the Hopf fibration. In this paper, all Hamilto- 
nian stationary Lagrangian tori which is contained in a hypersphere in 
the complex Euclidean plane are constructed explicitly. Then it is shown 
that they are homogeneous tori. For the construction, flat quaternionic 
connections of Hamiltonian stationary Lagrangian tori are considered and 
a spectral curve of an associated family of them is used. 

1 Introduction 

We call a weakly-conformal immersion /: M — > M"* from a Riemann surface 
M to the four-dimensional Euclidean space a surface in M'*. The four- 
dimensional Euclidean space M'' is identified with the complex Euclidean plane 
C^. A surface in is called Hamiltonian stationary Lagrangian if it is La- 
grangian and stationary with respect to the area functional for every compactly 
supported Hamiltonian deformation family (see [TD]). 

There does not exist a Hamiltonian stationary Lagrangian sphere since the 
Lagrangian angle map is harmonic. A homogeneous torus (x, y) — > (rie^*, r2e'^^) 
(ri, r2 > 0) is a simple example of a Hamiltonian stationary Lagrangian un- 
branched torus. A homogeneous torus is contained in a hypersphere. On the 
other hand, a homogeneous torus is a Hopf torus. A Hopf torus is an immersed 
torus in a hypersphere which is a lift of a closed and immersed curve in a two- 
dimensional sphere by the Hopf map JTT . If ri = r2 , then it is called the Clifford 
torus. Anciaux [Tj showed that the Clifford torus is a Hamiltonian stationary 
Lagrangian torus which attains the minimum Willmore energy. The Willmore 
energy of a surface is the integral of the square norm of the mean curvature 
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vector. It is not known whether there exist Hamiltonian stationary Lagrangian 
torus whose image is contained in a hypersphere except homogeneous tori. 

We will classify Hamiltonian stationary Lagrangian tori whose image is con- 
tained in a hypersphere. 

Theorem 1.1. A Hamiltonian stationary Lagrangian torus whose image is con- 
tained in a hypersphere is {a reparametrization of) a homogeneous torus or its 
covering. 

Helein and Romon [7J classified all Hamiltonian stationary Lagrangian tori. 
Leschke and Romon [Sj obtained a different classification. Hence it is theo- 
retically possible to investigate everything about Hamiltonian stationary La- 
grangian tori by these formula. But it will be difficult to accomplish it in 
practice according to circumstances. 

Without the above formulas, wc will prove Theorem lf.il To prove our theo- 
rem, we use a flat quaternionic connection of a surface. The complex Euclidean 
plane is identified with quaternions H. When we consider EI as a quater- 
nionic vector space, a surface / : M ^ H is a section of the trivial quaternionic 
line bundle H over AI. If / does not vanish on AI, then there exists a flat 
quaternionic connection V on _ff such that V/ = 0. We call V the connection 



Let S'^(I) be a two-dimensional sphere of radius one. The Gauss map of 
/ is a map from M to the direct product S^{1) x 5*^(1). We fix one of maps 
from M to 5^(1) C ImH in the Gauss map. Then the map defines a smooth 
section J of a quaternionic endomorphism bundle End(i?) of H. We see that 
— is the identity section. The section J is called a complex structure of /. 
The pair (H, J) is called a complex quaternionic line bundle of /. Then theory 
of surfaces becomes theory of parallel sections of flat quaternionic connections 
of {H, J) . This is an interesting view point introduced in [5] . 

A Willmore connection of (i/, J) defined in 5J is a flat quaternionic con- 
nection which is a critical point of the Willmore functional in the space of flat 
quaternionic connections. Every Willmore connection belongs to a family of 
Willmore connections parametrized by a circle. This family is called an associ- 
ated family. 

We show that if a flat quaternionic connection of {H, J) is a connection 
of a Hamiltonian stationary Lagrangian torus whose image is contained in a 
hypersphere, then it belongs to the associated family of the trivial quaternionic 
connection. Every parallel section of a connection in the associated family 
is a Hamiltonian stationary Lagrangian torus whose image is contained in a 
hypersphere. We construct a parallel section of a connection in the associated 
family of the trivial connection. Then a parallel section ij: is 



of/. 
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X \{{r - m)Si - [{r - m)So - {s - e'^«™+'')'5i:.-[(m+r)5o-("+^)]y}«/5i 

+ {{r + m)Si - [(r + m)5a - (s + n)]i} ie^{{m-r)5,x-[{m-r)5o-{n-s)]y}z/S, J 

where Cq, Ci £ C, i5o, (5i G M such that Z + ((5o + Sii)Z is the lattice of a torus, 
and m, n, r, s G such that 

(m^ - r^) ^0 - 2(mn - rs)5o + (m^ - r'^)Sl + - = 0. 

Then we have the classification. 



2 Quaternionic formalism 

We adopt the terminology of quaternionic formalism for surfaces in , [S] , and 
[3] to fit our case. 

Let HI be the set of quaternions, that is the unitary real algebra generated 
by the symbols i, j, and k with relations 

= = k"^ — —1, ij ~ —ji — k, jk = —kj = i, ki = —ik = j. 

For a — ao + aii + a2j + a^k € H (ao,ai,a2,a3 € M), we denote by a = 
ao — aii — a2j — a^k its quaternionic conjugate. Re a = oq its real part, and 
Ima = aii + 02 j + a^k its imaginary part. We define a quaternionic hermitian 
product ( , ) by (a, 6) = ab. 

For ao and ai G M, we consider a = ag + aii as a complex number. We should 
not that Ima = aii by our definition. We denote by a its complex conjugate. 
We identify H with and by the following identification: 

ao, ai, a2, as € R, 
ao + aii + a2j + ask = (ao, ai, a2, as) G R'', 
ao + aii + a2j + a^k = (ao + aii, a2 — a^i) £ C^, 

Then g{a, b) ~ Re(a, b) is the Euclidean inner product and 0(a, b) = g{ai, b) is 
the symplectic form of C^. We use the same notation g and Q for the Rieman- 
nian metric of R'' and the symplectic structure of respectively. 

We introduce complex quaternionic vector bundles to explain surfaces in 
terms of vector bundles. Let M be a Riemann surface with its complex structure 
J*^ and F be a left quaternionic vector bundle over M . We denote by T{V) the 
set of smooth sections of V and by Vp the fiber of V at p. Let {V) be the set of 
^-valued n-forms on M for every non-negative integer n. Then Vf'{V) ~ ^(V). 
Let S be a smooth section of the quaternionic endomorphism bundle End(y) 
of V such that —SpO Sp is the identity map Idp on Vp for every p £ M . A pair 
(V, S) is called a complex quaternionic vector bundle and S is called a complex 
structure of V. We have a sphtting End(V^) = End(F)+ End(F)_, where 

End(F)+ = e End(V^) : 5^ = ^S}, End(V^)_ = G End(V^) : 5*^ = -S,S}. 
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This splitting induces a decomposition of ^ G End(F) into ^ = ^+ + where 
C+ = - S^S)/2 G End(y)+ and ^_ = + S^S)/2 G End(y)_. 

Let T*M'Si-rV be the tensor bundle of the cotangent bundle T*M of M and 
V over real numbers. We set *uj = uj o for every lu G il^{V). We extend 
S to T*M ®R V by ^(wt/)) = ojS{^) for every w G T*M and every </> G We 
have a quaternionic linear splitting T*M (g)R V = KV ® KV, where 

KV = {rje T*M ®R y : *?7 Sr]}, KV = {r] e T*M ®e F : *r/ -S?]}. 

This splitting induces the type decomposition of 77 G T*M(g)Ry into 77 = rj' + r]", 
where r/' = (r/ - 5* * r/)/2 G iiTV and r]" = {r] + S * r])/2 G -^F. 

We mainly use the left trivial quaternionic line bundle H over M. We 
identify a smooth map 0: M — » H with a smooth section p t-^ {p, <j){p)) of H. 
The bundle End(iJ) is identified with H by the identification of ^ G End(iJ) 
with P IE H such that ^(f> — 4>P for every (j) €z H where ^, P and (/) are in 
the fiber over the same point. Hence a complex structure J G r(End(i?)) is 
identified with a smooth map R: M — > ImM with R'^ = —1. The sets End(iJ)+ 
and End(il)_ are identified respectively with 

H+ = {P G H : RP = PR}, H_ = {P G H : RP = -PR} 

since 

J(^</,) = J{(j)P) = -(j)PR, ^{J(j)) = = -(/)i?P 

for every (f) G r(_ff). For ^ G End(i?), the components ^+ and ^_ are identified 
with P+ = {P-RPR)/2 and P- = {P + RPR)/2 respectively. Then T*M^rH 
decomposes as 

T*M ®R = KH+ e KH_ © ® . 

According to this decomposition, a quaternionic connection V: T{H) — > Q^{H) 
decomposes as 

v'0 = (V(/.)', v'V = (V0)", 
a^</) = (v</.)V, A^<^ = (v</))'_, a^</. = (v</))X, q^0 = (v</))':, 

where (/) is any smooth section of H. We see that A"^ and Q'^ are tensorial, 
that is G r(ii'End(if)_) and G r(^End(if)_). The section is 
called the Hopf field of V and the Hopf field of V". We have a splitting 

{H, J) = E® jE, where 

E = {(j) e H : Jcj) = i<P}, jE = {jcj, G H : J(j0) = 

The operator is a complex anti-holomorphic structure of ® jE and is 
a complex holomorphic structure oi E (B jE. 
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Wc call a wcakly-conformal immersion from a Riemann surface to a 
surface. We explain surfaces in terms of quaternions. Let </>: M HI be a 
non-constant smooth map. If there exists a smooth quaternionic-valued map 
R: M ImH with i?^ = — 1 such that *{d(j)) = —{d(f))R, then (p is a surface. 
The converse does not hold in general. However, if is a conformal immersion, 
then there exists a smooth quaternionic-valued map R: M ^ ImM with i?^ = 
— 1 such that *{dil)) = —{dil))R. The map R is called the right normal vector of 



We describe surfaces in terms of complex quaternionic vector bundles. We 
define a complex structure J S r(End(_ff)) by J0 = —<pR for every (f) G r(iJ). 
Then d" : r{H) T{KH) satisfies the equations 



for every (j) e r(_ff) and every smooth quaternionic-valued function A on M . A 
smooth section (j}oi H satisfies the equation d"4) = if and only if (/> is a constant 
map or a surface with its right normal vector R. We call d" the quaternionic 
holomorphic structure of a surface with its right normal vector R. When we fix 
the map R firstly and do not assume the existence of <j) with d"4> = 0, we call 
d" the quaternionic holomorphic structure of {H, J). 

We relate a quaternionic holomorphic structure of a surface with a con- 
nection of (H, J) . Let -0 : M ^ HI be a nowhere- vanishing surface with its 
right normal vector R. Then there exists a quaternionic connection on H with 
\/qp = 0. We call V the connection of -tp. Let d: T{H) fl^{H) be the trivial 
quaternionic connection on H. Then there exists W € il^(End{H)) such that 
V = d+W. Since V'V = d"^+W"7p, W = 0, and d'V = 0, we have W'^Jj = 0. 
Since V is nowhere-vanishing, we have W" = 0, that is W G r{KEnd{H)) and 



We define a quaternionic-valued one-form u! G ^1^{H) by (poj = W(j) for every 
e T{H). Then w = -V'"^(c!V) e T{KH). The one-form uj is called the 
connection form, of V or the connection form of ip. Since duj — u) A u) = 0, the 
connection V is flat. 

The following is an example such that the connection form of a surface 
describe a geometric property of the surface. 

Lemma 2.1. Let u he a connection form of a surface in H. The image of 
the surface is contained in a hypersphere centered at the origin if and only if 



Proof. Let tp = 4'o + : M — » HI be a surface with complex- valued functions 
ipQ and ipi on M. Then 




V" = d". 



Rew = 0. 



1 



2 {Md^o) + V'i(#i) + [Md^i) - V'i(#o)] j} ■ 



(J = — 



IVoP + IVi 
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We have 



Recj = - [-00(^-00) + -01 (#i) + V'o((^V'o) + -01 (#1)] 

= -dlog(|V'o|' + |^iH. 

Hence the ^{M) is contained in the hypersphere centered at the origin if and 
only if Re a; = 0. □ 

We recah a Willmore connection which is used to construct a Hamilto- 
nian stationary Lagrangian torus. Let V be a flat quaternionic connection 
of a complex quaternionic line bundle {H,J) with V" = d" . We define a 
quaternionic- valued one- form £ T{KH^) by (pa^ — A^cj) for every (j) S 
T{H). We can the one-form of a Hopf field . Let d^ : n^{H) ft^H) 
be the covariant exterior derivative of V. We extend V to the connection 
V: End(i?) — > Q^(End{H)) of End(7f) and to the covariant exterior deriva- 
tive d^ : n^(Eiid{H)) n'^{F,nd{H)) of End(ff). Then V is a Willmore con- 
nection if d^ * = (see [Fj Lemma 6.1]). 

We consider the condition such that the trivial quaternionic connection be- 
comes a Willmore connection. The trivial quaternionic connection d is flat. The 
Hopf field of d' satisfies the equation 

A'^(t)^^[{d' + Jd'J)](j} 

^^[d- J*d + J{d- J* d)J] (j) 



- [-id<j})R - 4>{dR)]{-R) + [- * {d(j))R - <f) * (dR)]} 
(t)[{dR)R- *{dR)] = (t)a'^ 



for every e T{H). Hence d is a Willmore connection on {H, J) if and only if 

[d * {dR)]R - ^{dR) A (dR) = 0. 

We define an associated family of a connection which is a main tool for the 
construction of Hamiltonian stationary Lagrangian tori. Let V be a Willmore 
connection of {H,J) with V" = d" . When A^ ^ 0, we call the family of 
quaternionic connections 

{V'^ = V-A^ + {cose)A^ + {sine) JA^ : 6* G R} 

the associated family of V. We see that is Willmore for every 9 hy \^ Lemma 
6.2], that (V*^)" = d", and that d'^' = . 



6 



3 Lagrangian surfaces 



We review the quaternionic formalism for Lagrangian surfaces. 

A surface ip: M C'^ is called a Lagrangian surface it tp*Q = 0, where 
Q is the symplectic structure of C^. Let Z be the set of integers. Then ip 
is a Lagrangian surface if and only if the right normal vector of ip is 
with a smooth map (3: M R/2ttZ by [6j. If /3 is constant, then ip is a, 
holomorphic map with respect to a complex structure of and the image of 'ip 
is a Lagrangian plane. Hence if M is closed, then f3 is non-constant. 

We define a complex structure J of _ff by Jcj) = —(j)R = —(j)e~^^j for every 
(j) & H. Then the quaternionic holomorphic structure of {H, J) satisfies the 
equation 

and the Hopf field satisfies the equation 

AU = (t)^ [{dp)i + *(d/3)ie-''V] = (jja'^ (2) 

for every (p € T{H) by the equation ([1]). 

We will recall the definition of Hamiltonian stationary Lagrangian surfaces 
introduced in [lU]. Let ip: M ^ M he a, Lagrangian surface with its right 
normal vector e~^*j. A smooth family {-0t : M — > Hjfg/ of surfaces such that 
ip = ipo parametrized by an interval / containing zero is called a deformation 
family of ip. Let Vt = dipt/dt G T{tp1TM). A deformation family {tpt} of tp is 
called Hamiltonian if ip^ (Vt J O) is an exact one-form on M for every t G I. 
A Lagrangian surface ip is said to be Hamiltonian stationary if ip is stationary 
with respect to the area functional for every compactly supported Hamiltonian 
deformation family. The map /3 : M — > M/27rZ is a harmonic map if and only if 
Ip is Hamiltonian stationary by Theorem 1 in [7]. Let R = e~^^j. Then 

[d * {dR)]R - *{dR) A (dR) = (d * dp)i. 

Hence the trivial quaternionic connection d is a Willmore connection of (H, J) 
for every Hamiltonian stationary Lagrangian surface. 

We will write a harmonic map pS from a torus to K/27rZ explicitly. For every 
6 = 6o + 6ii S C \ {0} with real numbers Sq and Ji, we define a torus Tg by 
Ts = C/As with As ^ {m + nS : m,n € Z}. We define a set C C by 

F = {Sa + Sii : Sq, Si G M, (5^ + 5? > 1, -1/2 < < 1/2, Si > 0}. 

Every torus is conformally equivalent to for some S in the closure of F. We 
denote by (x, y) the real coordinate of C such that z = x + yi is the standard 
holomorphic coordinate of C. We consider a map from C which is periodic with 
respect to A^ as a map from Ts. We assume that p): Ts ^ R/27rZ is a harmonic 
map. Then (d/?) is a harmonic differential on Ts and {dpi) — i * {dpi) is a complex 
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holomorphic one-form on Tg (see [3^). Hence there exist real numbers oq and ai 
such that 

{dj3) — i * {dj3) = (flQ + aii){dz) = a^idx) — ai{dy) + [aQ^dy) + ai{dx)]i. 

Then (c?/3) = ao{dx) — ai(dy) . Changing the coordinate suitably, we may assume 
that P = aox — aiy. Since /3 is a smooth map to R/27rZ, real numbers ao and 
oi satisfy the equation aQin + {aoSo — aiSi)n G 27rZ for every m, n G Z. Hence 
ao = 27rr, ai — 27r(r(5o — and 



2n{rSo - s) 
p = Zirrx y 

01 



(3) 



with r and s G Z. 

We give an example of a Hamiltonian stationary Lagrangian torus. A map 
f:Ts,^^m defined by 



27TXi 



(r > 0) 



(4) 



is called a homogeneous torus. A homogeneous torus / is a Hamiltonian sta- 
tionary Lagrangian torus with its right normal vector e^'j = g,^'^(^+y/^i)^j ^ if 
^1 = 1, then / is called the Clifford torus. 
We have 



df = 27rr 



e^'^"i(dx) - ie 



-2-Kyi/S 



Hdy).j 



Hence the connection form w of / is 

io = -r\df) 

27r 



r(l + 61) 



4 Connections 



le ^^^j 



We give a relation between Hamiltonian stationary Lagrangian surfaces and 
associated families. 

Lemma 4.1. A connection of a Hamiltonian stationary Lagrangian surface in 
the complex Euclidean plane whose image is contained in a hypersphere cen- 
tered at the origin belongs to the associated family of the trivial quaternionic 
connection. 
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Proof. Let ip- M ^ H be a Hamiltonian stationary Lagrangian surface from M 
with its right normal vector e~^'j and V the connection of tp. We decompose 
the connection form w of V as w — + i^ij with complex- valued one-forms luq 
and LUi on Af . Since V" = d" , we have 



Hence loi = ■^uj^e"^'' and uj = + *woe '"'j. 

We assume that 'ip{M) is contained in the hypersphere centered at the origin. 
Then Re a; = by Lemma [2. II Then iv = + *^ie~^''j with a real- valued one- 
form ^ on M. If ^ = 0, then V = d. We assume that ^ 7^ 0. Then 

duj = d^i + {d * - *C A {dl3)e-'^'j, 

Since dio — uj A lu = 0, we have 

d^ = d^^ = 0, [(dp) + 2^] A *^ = 0. 

Hence {dP) + 2^ = k*(, with a real- valued function k on M. Since /3 is harmonic, 
we have (dre) A *^ = (d/i) A ^ = 0. Hence k is a constant. Since 



2^- K*^ 



we have 



UJ 



(d/3), <-f 2*e = -*(d/?), 
2{d(3) + K * (dp)], 



1 



-I- 4 

Let K = 2tan(6l/2). Then 
2 



— [2(dp) + K * (df3)]i - ^r^[2 * (df3) - K(df3)]ie-^'j. 



UJ ■ 



cos ■ 



2{dl3) -I- 2 tan 



(d/3) 



2 * - 2 ( tan - ) 



= -- [(cos 6* + 1) (d/3) -I- (sine) * (d/3)] i 
- i [(cose* + 1) * {d(3) - {sin e){df3)] ie-'^'j 



4 

cos 



^ [(d/3)z + *(d/3)ze-^'j] + ^ [(rf/3)i + *(d/3)ze-'5^j] e-^'j. 

Hence oj = —a'^ — (cos6')a'* + (sin 6')a'*e~''*j. The associated family of the 
trivial connection is 



{d~A'^ + (cos e)A'^ -f (sin e)JA'^ : 6* e K} 
Then V belongs to the associated family of d. 



□ 
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5 The Dirac operator 



We give another system of equations for a quaternionic holomorphic section of 

{H, J) with respect to rf". Wc use this system of equations later. 

In the beginning, we will obtain a frame of E. We assume that M is a closed 
Riemann surface which is not necessarily a torus and that (3: M ^ R/2nZ is a 
non-constant smooth map. Wc define a complex quaternionic line bundle (H, J) 
over M by Jcf) — —(pe^^^^j for every (f) G r(i7). Let (pQ and cpi be complex- valued 
functions on M such that the map (f) — (pa + cpij is a smooth section of a complex 
line bmidlc E with H — E (B jE. Since — (0o + <t>i3)^~^^3 = i{<t^o + we 
have 01 = (pQie^^^'^ . Hence (/) = 0o (l + ie^'^^j)- 

We will determine a complex holomorphic section of E with respect to d"^. 
Let A be a smooth complex- valued function on M and /U = 1 +ie~^^j. Then A/i 
is a smooth section of E and 

d"ii = i [*{df3) + {dp)e-^^j] , 

d"{Xf^) = ^ HdP) + {d0)e-^'j] + (dX) 
Jd"J{Xfi) =Jd"{iXn) = J{iXd"{iJ.) + [d{iX)] fi} 

= - y [*m + {df3)e-'''j] e-^'j - (BX) n 

=^ [idP)i - ^mie-f'^j] - (BX) 

Hence 

B\XiJ,) = ^ {80) {-i + e-^'j) + (BX) II = 

We see that 5'^(A/x) = if and only if A = Cp/*/^ with C e C. Hence = 
g/3j/2^ _ g/3V2 _|_ jg-/3i/2j satisfies the equation d"9 = 0. 

We see that {0,jO) is a complex holomorphic frame of {E,jE) with respect 
to 9'*. We will write the equation d"ip = in terms of this frame. We have 

B'^ixe) = {Bx) e, Q\xe) = ^{ai3)je 

for arbitrary complex- valued function A on M. Similarly, we have 

B\xje) = (Bxm Q\xje) = ~ (a/3) e. 

Hence the equation d" {Xq9 + XijO) = with complex-valued functions Aq and 
Ai on M becomes the equation 

SAo - y {B0) 
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Ai 



{B0) + [Bx) 



axi 



m 



jO = 0, 



that is 



d 
d 



( -{dp)/2 
\{dp)l2 



This equation is equivalent to the equation 

( 



d 
-d 



({dp)/2 
(9/3) /2 



We assume that M — Ts and that (3 is defined by We define a Dirac 
operator 2? with potential on C by 



V 



d/dz 
-d/dz 



(iz/2 
(3-,/2 



The solution to the equation 



V 



= 



on C which is periodic with respect to is considered as a solution to the 
equation on Tg. 



6 Spectral curves 

We will show that a branched double covering of CP^ with two branched points 
is accompanied with the associated family of the trivial connection. 

We define X by Xijj = i^) for every t/; g H. By the complex structure X, we 
consider H asa. trivial complex vector bundle of rank two. Then H = C®Cj, 
where C is a complex trivial line bundle. We consider a complex hermitian 
product ( , ) of defined by (Aq + Aij, + Mi j) = Aq/Io + Ai/2i for every Aq, 
Ai, /io, /ii S C. A pair (eo,ei) = (Iji) is a unitary frame of . We have 



A" 



Hence the associated family {d^} is a family of complex special linear connec- 
tions. Let 

cos0 = iQ + c), sin(?-iQ-c)* (CgC, |C| = 1). 



Then 



d'^ = d- A"^ + ^{l+JJ)A'^ + ^{1-JJ)A'^ = Vc. 
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We extend the parameter domain € C : |C| = 1} of the associated family 
to C \ {0}. We call the family of connection {V^; : C G C \ {0}} the extended 
family oi {d^}. We have 



IJA" 



d I <^o 
ei 



1 



-{d(3)e 



-fji 



4 \-idP)e 



I — e 



-I3i 

i 



d _dP ( i 



4 \e 



-Pi 



d~^{d~i*d), d—^{d + i*d). 

Let $ = (1 +IJ)A''-/2. Then the conjugate transpose <&* of $ is -(1 - 
IJ)A'^/2 and A'' = $ - Hence 

Vc = d - A'' + i$ - C$* = + Q - 1^ * - (C - 1)^* (C e C \ {0}). 

A connection is flat for every CeC\{0}by Lemma 6.3 in [5j and Vi = d. 
We have 
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(C-1) 



« — e 



We take a covering of T^. Let = {2m + 2n5 : m, n € Z} and 7^ = C/A5. 
Let p: Ts ^ Ts he the projection and p*H the pull-back of by p. The torus 
is biholomorphic to the torus Ts. 

We fix a special frame of p*H to make the discussion simple. Let 



Hz) 



e-/3»/2 



Then h is a gauge transformation of p* H since 

h{z + m + 5n) = 
for every n, m 1,. Let 



= h 



— he. 



and i? the matrix- valued connection form of \7(^ = /5* V(; with respect to e. Then 

'1 



V^e =:V^/ie = {dh + h 



c 



1 'P-{C-i)'P* 
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Hence 

B ={dh)h-^ + h 



- 



c ' 



dp 



(C-1) 



Bp A(c + 1) C - 1 



C 



-*(C + i) 



In the following, we will fix the frame e. Considering as a connection on 
H, we calculate the holonomy matrices of Vf . Let 70 (i) = t and 71 (t) = St. 
Then 70 ([0, 1]) and 71 ([0, 1]) are generators of the fundamental group 771(75) of 
Ts. Then 



S(7o(t))=y(^\_^-i^ -z(l + C-^)) + 

_PzC±P^(^{C + l) C-1 

4c I C-1 -*(c+i);' 

_ /3z-(^C + /?z^ /i(C + l) C-1 A 

4C VC-i -*(C + iV' 

/3z = ^ (/3c. - Pyt) , P-z = \{Px+ Pyi) ■ 

The matrices Go(C) and Gi(C) defined by 

G„(C) = exp[-B(7„(l))] (m = 0, 1) 

are the holonomy matrices with the base point p(0). 

We will calculate the trace of them by the following lemma. 



^A(C + i) c-1 \ 
c-1 -i(C + i)J 



c-1 

-*(C + i) 



Lemma 6.1. Let 



Then 



expG =^ 



a2 + j,2)„ Q 



n=0 



(2n)! 







2^n 



(g" + 
(2n+l)! 

n— ' 



G 



= cosh 



1 
1 



siuli \J a- + I 



-G. 
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The eigenvalues of expG is e^"^+^'^ and e v^oT^. 
A simple calculation proves this lemma. 

The trace of the holonomy matrices Go (C) and Gi {() are respectively 



90 



OO 



Since 



^ (2n)! 



4C 



^ (2n)\ 

71=0 ^ ' 



„ , (feC + fiz)^ „ 
~2 cosh ^ — 2 cos 



51 (C) =2 cos 



71 

2VC ' 
2VC 



-I 2n 



2VC 



[goiOY 



, , . M + Pz 

-4 sm 



2\/C 



sm ■ 



PzC + Pz 

2VC 



— —4 = — sm ■= — cos ■ 



2yC 



2^/C ' 



sm 



2VC 



1 

2C^ 



(/3,C - Pz? cos _ _ 3^^) sin 



the order of every zero of [^o(C)]^ — 4 is two. We define a complex curve S by 

I] = {(C,ry)e(C\{0})x(C\{0}):77'=C}. 

The curve S is a double covering of C\ {0}. The traces of the holonomy matrices 
are single-valued on S. We consider objects defined at ^ e C \ {0} as objects 
defined at (ry^,/?) € E. Then the associated family is {V^2 : \r]\ = l}. 
We define a complex curve S by 

E = { (C, 77) e (C U {ex.}) X (C U {(X)}) : = C} • 

The complex curve E is called the spectral curve of the associated family {V,,2} 
in 0. 



7 Asymptotic behavior 

A parallel section of a connection in the associated family {V^2 : jryj = 1} is a 
Hamiltonian stationary Lagrangian torus. We show that a parallel section of 
V,j2 has special asymptotic behavior at 77 = and at 77 = 00. 

We consider V^2 as a connection on C. Let u: C x E ^ C be the projection. 
Then a parallel section of w* V„2 is considered as a parallel section of V„2 . 
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Lemma 7.1. Let tpQ = tJjQ{z,r]) and -01 = ipi(z,i]) be complex-valued functions 
on<C X (C \ {0}) such that iPqCq + ipiei is a parallel section o/u*V^2. Then 



(V'o V'l) 







m,ri=0 



[(-l)'"Ai/(2'7)]^+[(-l)"&i'7/2]2 ( 



where Pm,n,i = Pm,n,i{v) is a complex-valued function on C\{0} {l,m,n = 0,1). 
Proof. We decompose V,,2 as follows: 



B 0\ Bp fi \ 9/3 



Let 







lit 








lit 


a) 




e 



2 VO 



4 



2 VO 



(^^-1) -1 



i -1 

-1 -i 

-i -1 







ei 



Then 



it' 



-at I) 



J_ fo 

r;2 Vl 



+ 



-/3,i/2 -/32/4 
-1 /3zV2 



(dz) 



We assume that ctqCo + o^iei = cto(2;, r?)eo + d'i{z, r])ei is a solution to the differ- 
ential equation u*v|^2'°''(o'oeo + ^ih) = on C. Then 

[crojz + ^CTi —(To - (71 = 0, 



/3L , Pzi. 



4-0-0 + ^0-1 = 0, 



Let ai {z,r]) — R{z, r])e A'^/2 ^ where R = R{z, r]) is a complex-valued function. 
The second equation becomes 

-^ao + Rze-^'''/^=0. 

Hence do = 4:Rze~^'^^^^ / P^. The first equation becomes 



4g-/3,iz/2 



Rzz - PziRz + '^y-^-l\R 



0. 
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Then 



where Co{z,ri) and Ci{z,ri): C x (C \ {0}) are anti-holomorphic maps 

with respect to z. Then 



(ao ai) = Co{z, r,)e^l^^'^^^'''>^' + Ci^z, ,y)e[-AV(2^)]^ 



(5) 



Let 



ei 







Then 



8 q 
d 



0\ /-/5,-z/2 -/32/4 

1 \ -1 /?2V2 



In a similar fashion, we see that o'oeo + o'iei = (3'o(z; 77)60 + a'i(z, 77)61 is a solution 
to the differential equation 7/* 2'^'' (croeo + (Tiei) = if and only if 



(6) 



where Do{z, rj) and Di{z, 77) : C x (C \ {0}) ^ are holomorphic maps with 
respect to z. 
We have 



CTO CTi 



/3,i/4 -/3./4\ /?o 







£1 



(CTO CTl 



/3,7/4 fp,i/A I3,/A\ feo 



1 







1 







Hence if t/^o + ipij is a parallel section of ?/*V^2, then 



m.n— 



where Pm,n,i = Pm.n.ii'n) is a complex- valued map on C\ {0} (Z, tti, = 0, 1). □ 



8 Proof of Theorem 11.11 

By Lemma 14. 1[ every Hamiltonian stationary Lagrangian torus in whose 
image is contained in the hypersphere centered at the origin is a parallel sec- 
tion of a connection V^2 in the associated family C = {V,,2 : [ry] = 1} of 
the trivial connection. Hence it is considered as a parallel section of V,,2 in 
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|v^2 : V^2 G c|. Let tAq and ip^ be complex- valued functions on C such that 

tp'^ = tpo^o + V'l £i : C ^ H is parallel with respect to V^2 and periodic with 
respect to A5 in C. By Lemma |7. II and \r]\ = 1, we can assume that 

1 

[(-!)'" /3,v/2]z + [(-l)"A-i'7/2]2 ( ^0 



1 

— X] iP™--nfi Prn,n,l) 6 



m,n— 



where Pm,n,i = Pm.n.iiv) is a complex-valued function on C\ {0} (Z, to, n — 0, 1). 
We have 



Hence 



1 



g[(-l)"'/3,f;j/2]2+[(-l)"/3,ir,/2]2 



m,n— 



m,n— 

Then the equation V^2'0^ = is equivalent to a system of equations 



F2i{v)) ^ \FMj 

where Fnm = ^nm('7) is a map from C\ {0} to C (n = 0, 1, 2,3, m = 0, 1). From 
the equation ([7]), we have 

Foo -I- fjiFoi = 0, -r/iFoo + Fqi = 0, 

Fio + fjiFii = 0, rjiFio + Fn = 0, 
F20 - fjiF2i = 0, -r]iF2Q + F21 = 0, 

F30 - fyjFsi = 0, 77*^30 + = 0. 
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The equation ([5]) becomes 

Fqi = rjiFoQ, F31 — —TjiF^Q, Fiq = Fn = F20 = F21 = 0. 

We have 

By the periodicity with respect to Ag, we have 

Iie{PzV) = "^'"'i R.e(/3z?7'^) = nn {n,m e Z). 

We see that + ^ 0. Indeed, ii m = n = 0, then (5 e M. This contradicts 
the assumption 61 > 0. Then 

ii{m5 — n) Pz^ii 

' PzSii TrirnE — n) 

mSi — {mSo — n)i rSi + (r^o ~ s)i 

rSi — {r5{) — s)i mSi + {mSa — n)i ' 

ReiMz) = Re|"["^^^ + ^"^^°p^']^" + ^^^| ^ . {rnx - . 

If {m,n) = (±r, ±s), then this equation always holds. Since 77 = ±1, we have 
V^2 = Vi = d. Then the connection V^2 is not a connection of a Hamiltonian 
stationary Lagrangian torus. 

We assume that (m,n) ^ (±r,±s). Then tt^ItoJ — = |/3z|'5i. This 
equation is equivalent to the equation 

{5l + 5l) - 2mnSo + n'^ = r^Sf + {rSo - sf. 

Hence 

(m^ - r^) 52 _ 2{nm - rs)5o + (m^ - r^)^^ + _ ,2 ^ 
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If So, Si, r, s, m, and n satisfy the above equation, then 



{1 + V)e^'/^ + {l-r1)^e 



=Foo{v) [(1 - ,7)e^J^«[(/3.'7)-+/3/2] + (1 + ^)^giRe[(/3.^)z-/3/2]_^.- 

=Foo{v) [(1 - rj)e'^-^^^'^)^+^/^^ + (1 + rj)te'R'^^^^^v)z-0/2]. 

+ F3o{v)ij [(1 - jy)e^R-[(/5^'')^+'5/2l - (1 + f^)^e^M{f<.v>-fJ/^]j 

= {Fooiv) - vF3o{v)ij) [(1 - r?)e^^^l('5^^)^+'^/^l + (1 + ,,)ie^i^«[(/3^*')-/3/2l^ 

Hence tp'^ is a homogeneous torus. 

Remark 1. We give an exphcit formula for Since 



Re{P,rjz) + f = 
Re(/3,77^) - f = 



(m + r)5o - (n + s) 
(to + r)x y 

■ (to - r)(5o - (n - s) 
(to — r)x y 



1 + V 



(r — m)Si — [{r — to)(5o — (n — s)]i 
rSi — {rSo — s)i ' 

(r + m)Si — [{r + m)So — {n + s)]i 
rSi — {rSo — s)i ' 



we have 



Fooiv) - -7 r-x v^3o{vnJ 



rSi - {rSo - s) 



1 



rSi — {rSo — s)i 



X \{{r - m)Si - [{r - m)So - {s - n)]i} e^{(™+'-)5i^-[(™+'-)'5o-(n+«)]i/}V5i 

+ {(r + m)Si - [(r + m)So - (s + n)]i} ie^{{m-r)Srx-[{m-r)6o-{n-s)]y}i/Sr 
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